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It is shown that generalized similarity laws which interrelate the aerodynamic
characteristics (1ift and drag coefficients) of a body can be established for the
general case of nonaffine=similar bodies to which conditions of the localizabi=~
lity law apply,i.e. when the momentum stream at the body surface depends on
local properties of the latter (Newtonian hypersonic gas flow, rarified gas flow,
effect of light, etc, ),

Methods are derived for the construction of complementary bodies and exam=
ples of application of the proposed similarity laws are given, These laws are
well known and widely applied in practical problems of flow of perfect gas
around bodies at various velocities, They make it possible to determine from
known aerodynamic characteristics of a given body its characteristics at various
Mach numbers and, in some cases, to determine the lift and drag coefficients of
affine-similar bodies [1, 2],

Various theories, in the main based on assumptions that the momentunt stream
at the body surface primarily depends on the local properties of the latter and
on the local angle between the normal to the surface and the direction of flight
velocity (the so=called "localizability” law), are successfully used in many areas
of flight aerodynamics and dynamics, Specific universal relationships between
aerodynamic forces and moments are inherent to flows in conditions of the loca=~
lizability law [3],

It is shown that conditions of the localizability law make it possible to estab-
lish generalized similarity laws which interrelate aerodynamic characteristics
of bodies, including nonaffine-similar bodies, A particular case of these laws
for Newtonian hypersonic gas flow was considered in [4] on a number of additi~
onal assumptions,

1, Statement of problem, Let us consider the flow past a plane profile in
conditions of the localizability law. The profile is assumed to be bounded from above
by a plane and to be at zero angle of attack (Fig,1). Any biconvex profile may, evident=
ly, be considered as consisting of two profiles one of which is hounded by a plane from
above and the other from below,

When assumptions of the localizability law apply, the lift and drag coefficients are
usually expressed by formulas
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where ¢ is the angle between the tangent to the profile at a given point and the direc-
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tion of the freestream, A; and B, are constants which define the profile and the free-
stream, and A is a characteristic dimension, Integration is carried out from the forward
stagnation point to the boundary of the "illuminated", i, e. facing the stream, surface of
the profile, If the local coefficient of the force acting on the body can be presented in

the form ¢/ = o) n + Q(0) v, Q(8) — B, sin b, 0.2
0(0) =A,+ 4,500+ (4, — B,) x sin®* 0

formula (1,1) can be written as

x x
]
cyr—%—sm(ﬂ)dx, cx:.%.x [0(8) - Byl tg0 dz (1.3)
9 8
Sometimes it is more convenient to write (1, 3) in the form
x
{ By
et =% 5 0(0)tgldz, c*= cx———;;-&- (1.4

0
i
y=\ tg0dz, 6, 4i B) =0 (0)1g0
0
Formulas (1, 3) cover the most interesting cases of hypersonic gas flow analyzed on
assumption of Newton's theory (4, = A; = B; = 0) in the classical (4, = 2) or
the modified form (Ag == Cp, for blunt and A,=
. i 7 2 ¢pr / (vn)§ for pointed bodies [2], where subscript
zero denotes parameters at the leading edge); the
free=molecule flows of rarified gas with diffusion=-
br mirror reflection (4, = 2 (2 — ¢) and B, =
20.), hypersonic (4, = A; = 0} or in the Schrel-
lo approximation [3, 5] (4, = (2 — 0) Sx %,
¥ A, = 0 (1T ,T<™)*S."", where ¢ and o, are
4 Fig. 1 the coefficients of normal and tangential reflec-
tions, respectively, 7', and T, are the tempera-
tures of the body and of the freestream, respectively, S, = v (2RT,)™ and R is
the gas constant) ; the effect of a stream of light on the body (4, = 0,B, = 1 —
e(1—B), A, =21l —e(1 —A)], Ay =1+ ¢ (1 —4), where ¢, 4 and
B are the coefficients of reflectivity, and of normal and tangential momentum, respec=-
tively).
A wide class of profiles can be derived from the reference profile by certain transfor-
mations (generally nonaffine), whose aerodynamic characteristics can be determined
from those of the reference profile using the similarity laws which are formulated below,

2. Complementary profiles, Let the shape of the reference profile be defi-
ned by equation 4O = ¢ (£0) 2.1)
9>0 ¢ >0 for Z0=(0,z), ¢(0) =0

where ¢ is a reasonably smooth function,
We inroduce parameter § defined by the relationship
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x(0)
= 5 @ [u ()] dt = F (x9), u(t)=arctge’(t) (2.2)

where () is some reasonably smooth function which in the interval (0,7/2) is nonnega-
tive. We can now represent Eq. (2.1) in the parametric form

20 = F7L(8), y© = ¢ [F (E)]
Let us construct the complementary profile defined by equations
YD =y (), £ = 20 ()

where y) and %) are determined by relationships

yYE e . -1 2.3
_——_x.“) ) = tg v (B)’ " (E») - d)['i’(ﬁ)] ( ¢ )

iy (%) . oz . oy

B=arctg :1'-(0)(&), x:—a—i-, y-_Ti.

where ¥ is a certain function,
For any arbitrary £ the angles of inclination of tangents 6@ (g) and O (E) at cor-
responding points of the reference and the complementary profiles are obviously related

by the equation 0m — W (000) (2.4)

The substitution of (9 defined by formula (2. 2) for parameter § in (2. 3) yields for the
complementary profile equations of the form

x(0) x(®

2V = \ Qmydt, yv = S Q (v)tg udt (2.5)
0 b

Q) =@ (z)/ DY (2)] (2.6)

Thus functions @ and ¥ transform the reference profile into a complementary one,

The lift and drag of the reference (superscript zero) and the complementary (super-
script unity) profiles are defined (within the scope of the localizability law the pattern
of flow of these can be different) by

) (9 B (o) 0)
m_ 1y N[O o_ L (RO .
cvo = 7\(0)5_@_(0) dt, ¢’ = A(o)> D (©) 48 (2.7

0

20w (o)) P reel

a1y __ B =
b =50 ) OTE®)] 5 oo Ml) 5 IEEOR d
0
6 =00, & =F (")
It is obvious that g
gy t (i) .
e _ ) 0=, i=0,1 2
%@(9“’) T S ©@E) 2.9

Let us assume that there exists some set of constants ¢,/® and a;") in which not all
of these are zeros and such that the identity
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(0)}(0) (6) + a({})f(ﬁ) (9) + a((?) tg 6L a(O) + Q (8) {a Uf(l) 7 (e); 4 2.9
o + aP P T (0)] 4+ o tg (¥ (0)]} =0

is satisfied, Then, integrating (2 9) with respect to § from zero to &, with allowance
for (1.1) and (2. 6) — (2. 8), we obtain

2 A [ aPed 4 aDed 1 o ;;:” 1 Z(f”] -0 @ 10)
i=0 .

which defines the relation between the lift and drag coefficients of the reference and
the complementary profiles, Formula (2.10) is evidently independent of the shape of
the reference profile, Since several linearly-independent sets of ¢, 9 are possible,
consequently several relationships of the form (2.10) are, also, possible,

The transformation (of the reference profile) is thus determined by functions ¥ and
Q of which the latter is not arbitrary, since it must be such that formula (2. 6) is satis~
fied.

If @, satisfies (2.6), the latter will be also satisfied by function @ (6) = O,R
[¥ (8), 0], where R (u, v) is a symmetric function (R (u, v) = R (v, u)).
Hence, there exists an infinite set of functions which satisfy (2. 6), if the existence of at
least one function satisfying (2, 6) can be proved. This implies that for one and the same
profile transformation parameter § may be chosen in various forms,

Some further useful properties of the described transformation should be mentioned.
Thus, if for function Q; we find such @; (8), i = 1,2 that formula (2, 6) is satisfied,
the corresponding function @ = @, M, can be found also for Q = Q,Q. and for
Q = Q)" function @ = O,

The use of the localizability law is of particular interest in the case of convex pro-
files, Let us, therefore, establish the conditions under which the transformation does not
alter the direction of the profile convexity, Since

dzy(ﬁ)
FRCE

dey(t ¥ (1)@ (=)
de 1’ QML+ ¢ (=M ess2 ¥ (y) ’

then, evidently, if ¢” = 0 and ¥’ (8)>0 , the transformation does not affect the direc-
rion of convexity, while for W’ (8) <C 0 it changes to the opposite direction,

Note that transformation of the reference profile may be repeated several times for
various ¢ and ¥. Transformations which convert convex-to-concave profile can also
be used, since an even number of such transformations successively carried out always
convert convex~to-convex profile,

= ¢ (&)

=u (2®) = arc tg ¢’ ()

8. Let us consider the transformation of the form
1) = qx(® + ay'®, yb = b2t - berft0 (.1)

by which the complementary profile is obtained from the reference one by stretching
the latter along its axes and turning about the coordinate origin, Let us examine the
conditions necessary for the existence of such transformation, Using (2.4), from (3.1)
we obtain
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x(0)
S [Q () —ay—astgujdt =0 (3.2)
0
x(0

\ (Q)tg[¥ ()] — by — bytguydt =0

]

Since (3. 2) must be satisfied for any z(® and u (¢), the equalities

- b1+ batgu
u)=a; -+ ast Y = eIl g
Q(u) 1t atgu, W(u)=arctg o T atgw (3.3)
are valid.

Condition (2. 8) must be satisfied in addition to conditions (3, 3). In this case the for-
mer reduces to the requirement of existence of such function (0 that

al-{—agz:R(z)/R(M—),

a1 4 a2z
To establish the existence of the corresponding transformation it is, thus, sufficient to
prove that for certain a,, a,, b, and b,y there exists a function R (z) which satisfies
condition (3, 4).
As an example, let us consider the existence of transformation

z=tgu, R(z)=D(arctgz) (3.4)

=4

x(l) = alx(ﬂ)’ y(l) = bzy(o)v a; > 0, bz > 0

@ =R (2) /R(—fif—z)

It can be shown that the transformation is feasible for any values of parameters ¢, and
b,, except @, = b, 5= 1 , The corresponding expressions for function R (z) are as follows:
R (z) = 1 whena, = 1; R (z) = z¢,where ¢ = (log, b, — 1)”! when ¢, & 1.

Condition (3, 4) becomes

4, Examples of application of the proposed method, Let usspecify

functions ¥ and Q as follows:
Y (0) = 1,0, Q (0) = 4cos? 1/,0 (4.1)

This choice of @ (0) is justified, since formula (2. 8) is satisfied if we set @ (0) = sin? 6.
Transformation (4.1) does not alter the direction of convexity because ¥’ (6) = 1/, > 0.

Let the reference and the complementary profiles be subjected to either a Newtonian
hypersonic stream or a free molecule stream of rarefied gas, The pattern of flow around
these profiles may differ, In this case

f6, A, B) = (A9 — BD)sinz0, 198, A, By~ {Ptge, j =01
and formula (2, 9) becomes
(AD — BO) (a9 4 ol tg 0) sin®0 + af” tg§ - af? |- 4 cos> 120 X% (4.2)
{(AD — BDY (@ + a{Dg V2 0)sin2 2 0 - o) tg1/28 4 oV} =0
After the introduction of the new variable z = tg ¥/,0 and some elementary transfor-
mations, we rewrite (4,2) in the form of conditions for the polynomial in z tobe

zero, Equating the coefficients of the polynomial to zero, for the determination of a;'¥
we obtain a system of linear equations which has two linearly-independent solutions
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0 _ p® (0 ) __ (1) 1 0. (0 __
B} A, ), a;’ = 4, B§ ) a; ) a.g a‘(lm- a(zl)-— aél)-— aftl):: 0
(0) (® (1) (0) () __ (o __ gm L
- . = 0) — 9 0 o)y ... 2,1 1 R
2 a4 % “4 =0, ay “ O3 2(By Ay?) = —2q4 ), "é)“ 4D L gty
T2 ~1

In conformity with equality (2,10) these solutions make it possible to establish the fol~
lowing relationships:

20 ¢ A(zl) - Bé”) ggn — 20 (4 B“’)) 8(1) (4. 3)
B(o) AD
93,0, 0 _ 2B§0)y§°) + (A;O) — B(lﬂ)) (Zf(jl} — ngp)) ) w (;\’(13 (1) Bgny(fl}) = 0
Solving Egs, (4, 3) for the lift and drag coefficients of the complementary profile we
obtain » e AL _ B
cy = A &) ey’ A zw (4.4)

1 1
1 e 0) (0 0),(0) __ > (apl
) = Xy [A?\,( el — 4.4 )yf - 5 3BV A;”)]

If the reference profile is subjected to a Newtonian hypersonic stream and the comple~
mentary profile to a hypersonic free-molecule stream, it is necessary to set in formulas
(4.4) 4,9 =28, =0,4,Y =22 —0) and B,V =20._.
Using formulas (2, 4) and (4. 1), we write the equation for the complementary profile
in the parametric form .
Q' (1) dt

oo\ ool e
+ 1+ o (e ' 7 J e

Let us consider some of the reference profile series,
a) Let the reference profile be an arc of circle of radius » with its center at point
(r, 0), whose equation is of the form

v =2 (r — 2 Oyep'he (4.86)

Substituting the expression ¢ (1) = y'® (') from (4,6) into (4, 5), we obtain the equa~-
tion of the complementary profile

q 075 05 TUTY 7 7z5 45 &7zl
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M2 (14 gy (2 — ("Y'} — aresin (1 — y0) e

N T
o) = =20 D —y® 0,1, .uf}f) = a2 — )

The reference (2!} = 1) and the complementary (=% = 3.57), profiles are shown in
Fig. 2, where they are denoted by 1 and 2, respectively,
b) The reference profile is defined by the equation

yO =dln W+ 1), d>0

From the second formula in (4, 3) follows that the equation of the complementary pro-
file is of the form ) -

1) o 9y - ""—i—“__—:::: ?
" ‘ l”lL F 2l Vi d))

g-(j’) = 2 ‘j") 8! V (.,20) B 1)-—2;, 4 e V 1— d?)

The reference (d = 1, z{® = 1) and the complementary (z,'" == 3.66) profiles, deno-
ted respectively by 1 and 2, are shown in Fig, 3,
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